Abstract. We study the density, with respect to Lebesgue measure, of the law of multidimensional Brownian motion with random drift. We do not assume any Markovianity, and the drift may be unbounded. We state a representation of this density in terms of the Gaussian one, from which we derive explicit upper and local lower bounds of Gaussian type.
Introduction
In this paper, we are interested in multidimensional Brownian motion with random drift b, defined by
where (W t ) t≥0 is a d-dimensional Brownian motion and (b t ) t≥0 a stochastic process, adapted to the natural filtration of W . We aim at studying the existence and bounds of the density of X t (with respect to Lebesgue measure). Several works have dealt with this topic in the particular (Markovian) framework of SDE (stochastic differential equations) 2) whereb(.) is a deterministic measurable function. By working on the fundamental solution of the PDE associated to (1.2), Aronson [1] obtained absolute continuity and Gaussian upper and lower bounds whenb(.) is bounded, allowing also for the presence of a uniformly elliptic diffusion coefficient σ(.) (in the dW t term).
There is a vast literature concerning the stochastic methods used to derive such bounds. For regular driftb(.) and diffusionσ(.), we refer to [8] , [2] and [5] , where Malliavin calculus is used.
For irregular drift, some results are obtained by stochastic methods. Still in the Markovian setting, sharp Gaussian bounds have been obtained for the density of (1.2) by [11] (for bounded driftb(.)) and [12] (forb(.) of linear growth).
In [3] , the authors prove the existence of a density for one-dimensional SDE (1.2), with possibly path-dependent coefficients. They use a simple approach consisting in freezing the coefficients at time t − ε, then computing the characteristic function (law Fourier transform)μ of the approximating variableX ε t , which is Gaussian conditionally on the past up to time t − ε. The absolute continuity of X t follows by choosing ε such thatμ can be shown to be in L 2 (R). However, this argument cannot be generalized to higher dimensions, and does not lead to any pointwise bound on the density.
The approach of [3] has been extended by [7] and [4] to study the existence and regularity of the density of multidimensional SDE (1.2) with bounded irregular driftb(.). In [6] , the authors have used a more general approach that enables to state an integration-by-parts formula for functionals of SDE's, from which they have derived Gaussian bounds on the density. In the latter three references, the authors perform a change of measure by Girsanov theorem to get rid of the irregular drift, and expand it as a sum of multiple stochastic integrals, using Itô-Taylor expansion up to a certain order. In each integral, a conditional expectation is taken in order to regularize the drift (relying on the Markovianity of the SDE), so that Malliavin calculus can be finally applied.
Recently, in [10] , the authors have combined the techniques of [7] and [6] with a Clark-Ocone representation of the covariance, to state Gaussian estimates for onedimensional additive functionals of SDE's with irregular drift. Besides, they have applied the mentioned covariance representation to the density estimation of solutions of some one-dimensional stochastic equations, under regularity assumptions on the coefficients (including the drift).
In this paper, we consider (X t ), the multidimensional Brownian motion with random drift (b t ) defined by (1.1), and we do not assume any Markovianity nor boundedness on the drift. In such a general framework , we are not aware of any attempt to establish existence and Gaussian bounds for the density of X t .
Our idea is simpler and more direct than those cited above. We express some distance between both laws of the Brownian motion with drift, X t , and of the (driftless) Brownian motion W t , by plugging the process X in a test function for the law of W . More precisely, we apply Itô's lemma to ϕ(s,
and f is a test function. Then we take the expectation of the expansion, and we estimate how both laws «diverge» from each other, from time 0 to time t. This estimation enables us to have existence, a representation, and Gaussian bounds for the density of X t .
The paper is organized as follows. We first introduce, in Section 2, the notations and assumptions used throughout the article. Then we state and comment our main results in Section 3. The proofs are given in Section 4, and a summarizing conclusion in Section 5.
Notations and Assumptions
* denotes its transpose and |x| its Euclidian norm:
For any bounded function f , ∥f ∥ ∞ denotes its supremum norm. 
For any random variable Z, and any real number p ≥ 1,
Brownian motion, defined on a filtered probability space (Ω, F, (F t ) t≥0 , P), where (F t ) t≥0 is the natural filtration of W , augmented with the P-null sets.
Let E denote the expectation under P.
. We define the Brownian motion with random drift b by
Throughout the paper, we use the following assumption. Set
Notice that no boundedness is assumed for the drift process (b t ), and that the condition on E b,α (t) is even weaker than the standard Novikov condition when α is smaller than 1 2 . It will be though sufficient to estimate the change of measure coming from the application of Girsanov theorem (see the proof of Lemma 4.1, Section 4.4).
Let us mention here that Novikov's condition ensures (by Girsanov theorem) the existence of a weak solution to SDE (1.2), and that a similar condition has been recently shown in [9] to be sufficient, in some cases, to have a strong solution. One may then apply our results to this particular setting.
Main Results
Theorem 3.1 (Existence and representation). Let t > 0. Assume that (A b,α,q ) holds for some α ∈ (0, ∞) and q ∈ (1, ∞), and set p :
).
admits a density γ(t, .) with respect to Lebesgue measure, and for
Notice that, under Assumption (A b,α,q ), the representation (3.1) always holds true in the one-dimensional case. For d > 1, it still holds if α and q are sufficiently large for condition (ii) in Theorem 3.1 to be fulfilled: this is the case if, for example (but not necessarily), b is uniformly bounded.
Identity (3.1) may be seen as a first-order expansion of the density γ(t, .) of X t , whose leading term is the density g(t, .) of Brownian motion W t . One may think about Brownian motion with deterministic drift as a reference process: then we derive the following generalization of Theorem 3.1.
Then under conditions (i) and (ii) of Theorem 3.1, we have for
Proof. 
Theorem 3.3 (Upper bound). Under the assumptions of Theorem 3.1, we have for t > 0 and x
, and p, r and C p,d defined as in Lemma 4.1.
As with Corollary 3.2, we immediately derive a bound which is not only optimal in the class of deterministic drifts, but also sharper than that of Theorem 3. 
Then for every R > 0, there exists t 0 > 0 (depending on R, α, q and d) such that, 
where B is a d-dimensional Brownian motion, independent from W .
Then the random variable X t is Gaussian with density
which is equivalent, for large t, to (
. Finding a lower bound, valid for any time t, remains as a challenging problem.
Proofs
The following lemma gives a crucial estimate for our proofs. For the convenience of the reader, its proof is postponed to Section 4.4. ) and r := (1
where C p,d is a constant depending only on p and d, and explicitly given by (4.6)-(4.5).
Proof of Theorem 3.1 (Existence and representation).
Roughly speaking, the idea is the following: since we want to compare the law of X to that of W , we apply a test function characterizing the law of W , here E[f (W t )|W s = .] (0 ≤ s ≤ t), to the process X. We then expand it using Itô's lemma; we only need to be careful with the possible blow up of the derivative when s is close to t. But this is controlled by Lemma 4.1.
Proof of Theorem 3.1.
Applying the usual characterization of the probability density function of a random variable, we have to show that, for every bounded and continuous test function f :
For fixed t > 0, and for all s ∈ [0, t] and y ∈ R d , we set
Note that ϕ(0, 0; t) = E[f (W t )] and ϕ(t, y; t) = f (y), and that ϕ(., .; t) is continuous on
Moreover, the following estimates hold:
and (by the change of variable z =
Clearly, for every ε ∈ (0, t), the function ϕ(., .; t) is of class C 1,2 on [0, t−ε]×R d . By Itô's lemma (and the fact that ϕ(., .; t) is solution to the backward heat equation),
Estimates (4.2) and (4.3) allow to take expectations in the above equality to get
We have 
d . Therefore, we apply Fubini's theorem in the last identity, and the dominated convergence theorem when ε → 0, to obtain (4.1) and prove Theorem 3.1. □ Let us point out here that our method would not immediately apply if we added to our framework a random diffusion coefficient in the Brownian term of (1.1), since non-integrable second-order terms (involving the second derivative of the Gaussian density g) would then appear. 
Proof of Theorem 3.3 (Upper bound
)= g(t, x) + ∫ t 0 E[∇g(t − s, x − X s )b s ]ds ≤ g(t, x) + C p,d L b,q (t)E b,α (t) 1 2r ∫ t 0 ( t − s t ) − d 2 + d 2p ( (t − s) − 1 2 + |x| t ) ds.g(pt, x) ≤ g(t, x) + (− d 2 + d 2p + 1 2 ) −1 C p,d L b,q (t)E b,α (t) 1 2r ( √ t + |x| ) g(pt, x).
Proof of Theorem 3.5 (Lower bound).
We rely on the fact that the integral term in the representation (3.1) of the density becomes small for small t and x (Notice the multiplicative term ( √ t + |x|) that appears in the bound of Theorem 3.3. It is actually the same reason that makes our lower bound only valid around the time-space origin).
Proof of Theorem 3.5. From Theorem 3.1, we have (using the triangle inequality)
From Lemma 4.1 (see also the proof of Theorem 3.3), we get
Let R > 0 and (t, x) such that
where
Proof of Lemma 4.1. The idea is to apply Girsanov theorem to make a change of measure under which X is a Brownian motion. Since α may be smaller than 1 2 , the standard Novikov condition is not fulfilled. We proceed in three steps: first we establish an estimate for driftless Brownian motion, then for Brownian motion with bounded drift b, and finally with unbounded b by approximation.
Proof of Lemma 4.1.
First step.
Let us show that, for any real number p ∈ (1, ∞), there exists a constant
We have
By the change of variable z =
By straightforward computation, we have, setting ξ :
We have proved estimate (4.4).
Second step.
Suppose that the drift process b is uniformly bounded. By Girsanov theorem, (X s ) is a Brownian motion under the equivalent probability measure Q defined by
We denote the expectation under Q by E Q . By Hölder's inequality (notice that p, q, r > 1 and p
The bound on the first term is given by estimate (4.4). The second one is bounded by L b,q (t). For the last term, setting r ′ := r p , we have
.
Therefore,
We have proved the lemma for uniformly bounded b.
Third step.
We now examine the general case of unbounded b. We approximate b s by the sequence b Taking the limit when n → ∞ in (4.7) proves Lemma 4.1. □
Conclusion
We represent the density of Brownian motion with random drift in terms of the Gaussian one. This representation enables us to measure the distance between both densities, leading to explicit Gaussian upper and (local) lower bounds. In particular, this work extends to a non-Markovian setting similar results known for stochastic differential equations with irregular drift, using simpler and more general arguments.
